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Radiative corrections to the electron recoil-energy spectra and to 

On 

total cross sections are computed for neutrino-electron scattering by 
solar neutrinos. Radiative corrections change monotonically the electron 
recoil spectrum for incident 8 B neutrinos, with the relative probability 
of observing recoil electrons being reduced by about 4 % at the highest 
electron energies. For p — p and 7 Be neutrinos, the recoil spectra are 
not affected significantly. Total cross sections for solar neutrino-electron 
scattering are reduced by about 2 % compared to previously computed 
values. We also calculate the recoil spectra from 13 N and 15 neutrinos 
including radiative corrections. 
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I. INTRODUCTION 



The observation of neutrino-electron scattering, 

v + e -> v' + e', (1) 

is one of the principal techniques used to study solar neutrinos. The Kamiokande 
experimental team [1] has used the observed energy spectrum of recoiling electrons 
that results from the reaction indicated in Eq. (1) to show that: (1) the neutrinos 
originate from the sun since the electrons are predominantly scattered in the forward 
direction along the earth-sun vector; (2) the flux of 8 B neutrinos is about one half 
the flux predicted by standard solar models; and (3) the energy spectrum of electron 
recoils is inconsistent with what is predicted [2-4] on the basis of the adiabatic MSW 
effect (but is consistent with the expectations for a non-adiabatic MSW effect or a 
large mixing angle solution of the solar neutrino problem). 

Four additional solar-neutrino experiments currently under development, SNO 
[5], Superkamiokande [6], ICARUS [7], and BOREXINO [8], will also detect electrons 
scattered by solar neutrinos. The first three of these new experiments will concentrate 
on the 8 B solar neutrinos and will measure more accurately (in heavy water, normal 
water, and argon gas, respectively) and with greatly improved statistics, the total 
flux of 8 B neutrinos and the energy spectrum of the electron recoils. Because of 
the large counting rates expected in these new experiments, it will be possible to 
measure all of the quantities as a function of arrival time of the neutrinos and to 
look for the seasonal dependence of the neutrino fluxes, as well as to search for the 
day-night effects that are expected for some regions of MSW parameter space. When 
combined with the measurement by the SNO experiment of the flux of electron-type 
8 B neutrinos, it will be possible to infer constraints on the mixture of flavors of the 
neutrinos observed by the reaction in Eq. (1) since the neutrino-electron scattering 
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cross section depends sensitively upon neutrino flavor. BOREXINO, the fourth new 
experiment listed above, will observe the recoil spectrum of the 0.862 MeV neutrinos 
produced by electron capture on 7 Be in the solar interior, as well as the 13 N and 15 
solar neutrinos. 

Two proposed experiments, HERON (liquid helium used as a bolometer to observe 
rotons [9]) and HELLAZ (high pressure helium gas used in a time-projection chamber, 
[10]), will make use of electron-neutrino scattering to observe the low-energy neutrinos 
created by the fundamental p — p reaction, as well as the 7 Be neutrino lines and the 
13 N and 15 neutrinos. 

The thresholds in these different experiments vary from an electron kinetic energy 
of about 0.2 MeV (for observations of the p — p neutrinos) to above 5 MeV(for ob- 
servations of the 8 B neutrinos). The maximum energy of interest for neutrinos from 
solar-fusion reactions is about 19 MeV [11]. In addition, neutrinos from supernovae 
are potentially observable with energies up to 30 MeV and beyond. 

The use of electron-neutrino scattering to study solar neutrinos was first proposed 
by Reines and Kropp [12]; the directionality of the recoil electrons and the shape 
of the recoil energy spectrum was first calculated for solar neutrinos by Bahcall [13] 
using the then-current V — A theory of beta-decay. In an early application of the 
Weinberg-Salam model of weak interactions, 't Hooft [14] calculated the cross sec- 
tions for neutrino-electron scattering in what has since become known as standard 
electroweak theory. The results of 't Hooft were used by Bahcall [15] to calculate 
the total cross sections, the energy spectrum of the electron recoils, and the angular 
distribution (relative to the earth-sun vector) of the scattered electrons for all solar 
neutrino sources of interest. 

For all of these experiments, it is natural to ask: How will radiative corrections 
affect the calculated cross sections that are used to interpret the observations? On 
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dimensional grounds, the corrections are expected to be of the same order of magni- 
tude as the fine structure constant, a ~ 1%. However, if the experimental precision 
is high the corrections may be significant. In particular, it is especially important to 
know if radiative corrections cause an appreciable energy-dependent modification of 
the electron recoil spectrum. Indeed, we recall that a measurement of the shape of 
the 8 B solar neutrino energy spectrum at the earth is a practical and powerful test 
of standard electroweak theory, independent of solar models [16], and that different 
MSW solutions predict characteristic modifications of the shape of the electron recoil 
spectrum [2,3,11,17,18]. 

We evaluate the effects of radiative corrections upon the recoil energy spectrum 
and the total cross sections for the neutrino sources that are important for the oper- 
ating and the planned experiments. We adopt the notation and results for electron- 
neutrino scattering that are summarized in references [11,15]. In particular, we in- 
clude the one-loop electroweak and QCD corrections to the cross section for the 
elastic-scattering reaction in Eq. (1). We also include QED radiative corrections. 
We calculate the corrections to the elastic-scattering cross section and include for 
consistency the cross section for the inelastic process v + e — > v' + e' + 7. We assume 
that this final-state photon is not detected. 

This paper is organized as follows. The derivation, by one of us (A.S.), of the 
formulae describing the radiative corrections is presented in the Appendix. The recoil 
energy spectra are described in Sec. II and the total scattering cross sections are given 
in Sec. III. We summarize and discuss the main results in Sec. IV. 
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II. RECOIL ENERGY SPECTRA 



In this Section, we describe the changes in the calculated recoil-energy spectra 
that result from including radiative corrections and an improved value, 0.2317 [19], 
for the MS parameter sin 2 Qwijnz)- (In references [11,15], the value sin 2 0w = 0.23 
was used.) The results are presented in a series of figures that give the ratio of prob- 
ability distributions computed with and without the two improvements, the radiative 
corrections and the value of sin 2 Qwijnz)- The values for electron (muon or tau) neu- 
trinos are displayed in dark (light) curves. The results are presented as a function of 
T, the kinetic recoil energy of the electrons. 

We recall that the spectrum averaged differential cross section is given by [11,15] 

/ da\ /-gmax da 

where T is the kinetic energy of the recoil electron, q the neutrino energy, X(q) the 
normalized neutrino spectrum incident at earth, and 

<7min(T) = {T+ [T(T + 2m e c 2 )] 1/2 } /2 (3) 

the minimum neutrino energy compatible with T . 

The normalized probability, P(T), for observing a recoil electron with kinetic en- 
ergy between T and T + dT computed from Eq. (2) by including improvements 
[radiative corrections or precise sin 2 #w(m#)] can be expressed in terms of the prob- 
ability, P (T), computed without improvements [11,15] as: 

p(t) = p (t) [i + an . (4) 

We present in the following subsections £(T) versus T for various solar neutrino 
sources: the 7 Be lines (Sec. II A), the p — p neutrinos (Sec. II B), and 8 B neutrinos 
(Sec. II C). 
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A. 7 Be Electron Recoil Spectrum 



Figure 1 shows in the darker lines the changes (caused by including radiative 
corrections and/or the more precise Weinberg angle) in the spectrum of recoil elec- 
trons produced by electron neutrinos from the 0.862 MeV 7 Be neutrino line. The 
corresponding changes for — e scattering are shown in the lighter lines. The solid 
curves are the ratio — minus unity — of the probability distribution for v — e scattering 
obtained using the updated value of sin 2 Qwijnz) and including radiative corrections 
to the same probability distribution obtained using an older value of sin 2 Qwijnz) 
with no radiative corrections. This ratio gives the net change in the probability dis- 
tribution that is obtained using the formulae and constants employed in this paper 
compared to the values that were obtained in refs. [11] and [15]. The net changes 
are less than 1% over essentially all of the allowed recoil energy range. Because the 
radiative corrections diverge at the end-point T max (see Appendix A), all spectra in 
this paper are displayed up to T = 0.99 T max . The singularity in the expression used 
here is related to the infrared divergence and signals the breakdown of perturbation 
theory. However, the breakdown appears so close to the end point that it should be 
of no consequence for any realistic experiment with finite energy resolution. 

Since the net changes are produced by two different effects, we also display sep- 
arately in Figure 1 the effects due to the inclusion of radiative corrections and to 
the use of the more precise Weinberg angle. The effect of changing just sin 2 0w is 
shown in the dotted curves. The dotted curves are the ratios — minus unity — of the 
probability distributions that are obtained using sin 2 Qwijnz) = 0.2317 [19] to the 
probability distributions obtained using the old value of sin 2 Qwijnz) = 0.23. The 
dashed curves show the effects of just including radiative corrections. The dashed 
curves are the ratios — minus unity — of the probability distributions obtained includ- 
ing radiative corrections to those obtained without radiative corrections. 
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Each of the two effects considered here results independently in changes of less 
than or of order 1% in the relative probability distributions. 

Fig. 2 shows results for the 0.384 MeV line that are similar to those obtained for 
the 0.862 MeV line. 

Table I and Table II give for the 7 Be 0.862 MeV line and the 0.384 MeV line, and 
for both u e — e and v^ — e scattering, numerical values for the probability distributions 
that electrons recoil with kinetic energy T . 

B. p — p Electron Recoil Spectrum 

Fig. 3 shows results for neutrinos with the energy spectrum [11] characteristic 
of p — p neutrinos. The various curves have the same meaning as in Fig. 1. For 
these very low-energy neutrinos, the fractional changes due to radiative corrections 
and to the use of the more accurate Weinberg angle are also less than and of order 
1%. Table III gives, for both u e — e and — e scattering, numerical values for the 
probability distribution that incident p — p neutrinos scatter electrons that recoil with 
kinetic energy T . 

C. 8 B Electron Recoil Spectrum 

Fig. 4 shows that the effect of radiative corrections is significant for the higher- 
energy neutrinos that originate from 8 B decay. Moreover, the effect of radiative 
corrections is monotonic: higher energy neutrinos are suppressed relative to lower 
energy neutrinos. We have omitted from Fig. 4 the small, less than 0.5 %, differential 
effect of the change in the Weinberg angle that corresponds to the dotted curves in 
Fig. 1, Fig. 2, and Fig. 3. 
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The differential effect of radiative corrections reduces the relative probability of 
observing recoil electrons by as much as 4 % at the highest recoil energies. The 
direction of this suppression is opposite in sign to the effect that is expected from the 
non-adiabatic MSW solution. The highest energy neutrinos are the least suppressed 
in the non-adiabatic MSW solution. 

Table IV gives, for both u e — e and — e scattering, numerical values for the 
probability distribution that incident 8 B neutrinos scatter electrons that recoil with 
kinetic energy T . 

D. 13 N and ls O Electron Recoil Spectra 

In addition to the p — p and 7 Be neutrinos, there will be neutrinos produced in 
the CNO cycle from decays of 13 N (E v < 1.199 MeV) and 15 (E v < 1.732 MeV). 
Together, these may contribute 0(20%) of the neutrino flux in an experiment such as 
BOREXINO, so it is important to include the recoil spectra from these neutrinos as 
well. In Table V we present for both v e — e and — e scattering, numerical values for 
the probability distribution that incident 13 N neutrinos scatter electrons that recoil 
with kinetic energy T. In Table VI, we present the same for 15 neutrinos. We 
include radiative corrections and the updated value for sin 2 Ow in this calculation. 

In Fig. 5, we plot the recoil spectra for both electron and muon neutrinos from 
p — p, 7 Be, 13 N, and 15 neutrinos as a function of electron kinetic energy, T. The 
spectra are normalized such that the total probability is unity. The dotted curve 
is the recoil spectrum from 13 N neutrinos and the short-dash curve is that from 15 
neutrinos. The nearly flat spectrum which extends to higher energies (the solid curve) 
is the recoil spectrum from the 0.862-MeV 7 Be line, while that which only extends to 
lower energies (the dot-dash curve) is that from the 0.384-MeV 7 Be line. The solid 
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curve which extends the highest at the lowest energies (the long-dash curve) is the 
recoil spectrum from p — p neutrinos. The fractional changes in the electron recoil 
spectra from 13 N and 15 neutrinos due to radiative corrections and the new value of 
sin 2 Ow are no more than roughly 1%. 

III. TOTAL CROSS SECTIONS 

Fig. 6 shows the total scattering cross sections as a function of neutrino energy; 
the notation for the different curves is the same as in Fig. 1. For u e — e~ scattering, 
the net decrease in the total cross section is about 2%, essentially independent of 
energy. For — e~ scattering, there is a net increase in the cross section of about 
1.3 % relative to the numerical values given in ref. [11,15]. 

At first sight, it may seem puzzling that the effect of the radiative corrections 
on the total cross sections is essentially independent of energy, while the fractional 
corrections to the electron recoil spectrum are appreciably energy dependent. The 
explanation lies in the fact that the radiative corrections manifest themselves in two 
ways: (1) the QED corrections (described in Appendix B), which are energy depen- 
dent, and (2) the electroweak and QCD corrections to the coupling constants gi, and 
gR (described in Appendix A), which are largely energy independent. The corrections 
to the coupling constants are generally larger and dominate the changes in the total 
cross sections, producing an almost constant correction to the total cross section. The 
effects of the corrections to the coupling constants largely cancel out of the calculation 
of the shape of the electron recoil spectrum, leaving an energy dependent correction 
to the recoil spectrum. From the appearance of Fig. 4, it would seem that the larger 
corrections to the recoil spectrum at larger recoil energies would have a significant 
impact on the total cross section at large incident neutrino energies. However, the 
fractional change in the recoil spectrum due to radiative corrections is large only when 
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the recoil spectrum becomes very small (see Fig. 8.2 in ref. [11] and Table IV here). 

For many purposes, it is convenient to have available numerical values for neutrino- 
electron scattering cross sections at specific energies. Table VII gives the computed 
total cross sections for neutrino energies equal to the prominent solar neutrino line 
energies and to typical energies in the range from 1 MeV to 60 MeV. The tabulated 
values were determined for T m i n = 0.0 MeV. 

The cross sections given in Table VII can be described approximately by the 
following relation: 



where the constant is equal to 9.2 for u e scattering and 1.6 for scattering. 

The recoil spectrum for u e — e scattering is relatively flat. Therefore, for u e — e 
scattering, the cross sections given in Table VII can be used to estimate reasonably 
accurately the cross section for a specified minimum recoil electron energy. One 
simply multiplies the tabulated values by (T max — T m i n ) /T max . This approximation 
is less appropriate for — e scattering, but still will give a useful first estimate. 

In Table VIII, we list the total neutrino-electron scattering cross sections for the 
neutrino sources we have considered here for both electron and muon neutrinos. These 
are obtained by convolving the neutrino spectra from each source with the neutrino- 
electron scattering cross section. Radiative corrections as well as the updated value 
of sin 2 0w are included in the calculation. 





IV. CONCLUSIONS AND DISCUSSION 



For precise solar neutrino-electron scattering experiments, radiative corrections 
should be taken into account in analyzing the total rates. The dominant u e — e 
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scattering cross sections are decreased by about 2 % by radiative corrections. 

The shape of the electron recoil spectrum produced by the scattering of 8 B solar 
neutrinos is decreased by about 4 % at the highest electron energies. This effect 
should be included when analyzing future neutrino electron scattering experiments 
for the shape of the electron recoil energy spectrum. 

If the shape of this spectrum can be measured accurately, the result will constitute 
a direct test of electroweak theory independent of solar models and will also constitute 
a way to discriminate among different proposed particle physics solutions that invoke 
physics beyond the standard electroweak model. 

The analysis software for future experiments should take account of the fact that 
the photons produced by the radiative corrections (See the Appendix) are more 
strongly peaked in the forward direction than are the Cerenkov photons. In fact, 
the photons from radiative corrections will have an angular distribution similar to 
the well-known forward peaking of the electrons in neutrino-electron scattering (see 
for example [11]). The recoil energy of the electrons should be calculated primarily 
from the photons in the much wider Cerenkov cone (with appropriate corrections for 
incompleteness) in order not to confuse photons from the radiative corrections with 
photons from the Cerenkov light. 

The shape of the electron recoil spectrum for incident p — p and 7 Be neutrinos is 
not appreciably affected by radiative corrections. 

Radiative corrections will also affect the shape of the electron recoil spectrum 
produced when neutrinos are captured by nuclei. The effects analogous to those that 
we have calculated in this paper must, therefore, be evaluated for neutrinos captured 
by deuterium, the SNO experiment [5], and for neutrinos captured by argon, the 
ICARUS experiment [7]. 
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APPENDIX A: RADIATIVE CORRECTIONS 



We outline in this section the calculation of radiative corrections for neutrino- 
electron scattering: vi + e — > vi + e {I = e, fi). The basic result for v — e scattering 
is: 



da_ _ 2G% 

It ~ 



— \gliT) 

7T I 



1 + 

7T 



ry "I 777 T ry 

+ g 2 R (T)(l -zf 1 + -f + {z) - g R (T)g L (T)-z 1 + -/+_(*] 

7T J q l 7T 
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where m is the electron mass, T = E — m is the kinetic energy of recoil of the electron, 
q is the incident neutrino energy, and z = T/q. We adopt Gf = 1.16639 X 10~ 5 GeV -2 
and s'm 2 6 w (m z ) = 0.2317 [19]. 



For v e — e scattering: 



k^' e \T)sm 2 6 w (m z ] 



g^' e \T) = -p%$ K^\T) sin 2 w (m z ) 



(A2) 



and 



= 1.0126 ±0.0016 . 



(A3) 
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The function k^'^ is 



k m (T) = 0.9791 + 0.0097 I{T) ± 0.0025 



(A4) 



where 



I(T) 



6 13 



(A5) 



and x = ^/l + ^p. The deviations of /oj^ and /c^ e,e )(T) from 1 reflect the effect of 
the electroweak corrections. The T-dependence of k comes from the diagrams shown 
in Fig. 7. 

The error in p^'q is mainly due to the lack of precise knowledge of m t and m#. 
We use a top-quark mass m t = 177 ± 1 1 jlif GeV [19]. The 177 GeV central value is 
for ran = 300 GeV; the first error is the experimental uncertainty while the second 
reflects the shifts in the central value corresponding to m# = 1 TeV, 60 GeV. The 
main error in /c^ e,e )(T) is of QCD origin and arises from diagrams such as that shown 
in Fig. 8. 

We used a recent update of these QCD effects by Marciano [20]. 
For — e scattering: 

9 { L^\T) = P { n'S 



k^' e \T) sin 2 w (m z ) 



9 { R^\T) = -p^k^\T)sm 2 9 w {m z ) 



(A6) 



Here p^'q is the same as before but k is changed: 



k^' e) (T) = 0.9970 - 0.00037 I(T) ± 0.0025 



(A7) 



The difference between /c^'^T) and /c^ e,e )(T) comes from the fact that the first 
diagram in Fig. 7 is replaced by the diagram in Fig. 9. 
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APPENDIX B: QED EFFECTS 



The functions f_(z), f+(z) and /_| (z) describe QED effects (virtual and real 

photons). 

The functions f-(z) and f+(z) have been evaluated in the extreme relativistic 
approximation (E.R.) in Ref. [21]. This means that in that paper the electron mass 
m has been set equal to zero in all contributions that remain finite as m — > 0. In 
practice, this means that the approximations m/E <C 1 and m/(£' max - fi) < 1, 
m/g < 1 have been made. Exact expressions from which one can obtain f-(z) and 
f+(z) are given in Ref. [22]. The formulae are long and complicated. They can only 
be used by numerically tabulating them. 

One of the main features of these functions is that there is a term that diverges 
logarithmically at the end point. As a consequence, f-(z) exhibits a sharp decrease 
(large negative values) near the end point. For q ^> m, this is not important for the 
f+(z) contributions because they are multiplied by (1 — z) 2 which is very small near 
the end point. If q <C m, z max <C 1 and the above suppression is not present. 

It turns out that the coefficient of this logarithm is exactly known, because it is 
related to the infrared divergence. It is universal, that is it appears in f-(z), f+(z) 
and /_| (z) and is given by 



#M — l-i 



fB2) 



where I = \/E 2 — m 2 is the three-momentum of the electron. At the end point, 

2q m m 

ZmaK = 2q + m ' {E + l) maK = 2 9 + m' 

and the argument of the logarithm vanishes. 

In order to obtain a relatively simple formula that can be applied approximately 
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in the non-relativistic domain, the ER expression for f-(z) has been modified to read 

/-W 



I In — "I 

I \ m 



2ln[l-z--^—] - ln(l- z)--lnz- — 
E + £J y 1 2 12 



+ \ [L{z) - L(J3)] - \ ln 2 (l - z) - (11 + ln(l 



+ z 



2 Vm 



2 



.2 



^31 1 , \ n 11 z , , 

— + — lnz /3 2 + —, (B3) 

V18 12 r 12 24' K 1 



where L{x) = / X In |1 — t|y is the Spence function and j3 = Jr. A short table for L(x) 
is given in a book by Lewin [23] about dilogarithms and related functions. The L(x) 
used here is L(x) = —Li 2 (x), where Li 2 (x) is called the dilogarithm in Lewin's book, 
and is the function tabulated there. The function of f-(z) is plotted in Fig. 10 for 
neutrino energies of q = 0.1, 1, and 10 MeV. 

In the E.R. approximation the formula for f-(z) reduces to that of Sarantakos et 
al. The modified formula contains exactly the log that blows up at the end point. This 
has the advantage that the error in the formula remains bounded no matter how close 
one approaches the end point [always assuming that we work to 0(a)]. If one gets so 
close to the end point that ^f_(z) ~ — 1, perturbation theory breaks down and one 
has to consider multiple-photon emission. However, this is not a realistic possibility. 
The experimental resolution would have to be incredibly good before ^f_(z) ~ — 1. 
The function f-(z) has been constructed so that it vanishes at z = 0.* 

The overall corrections can become sizeable, especially for large q, but this occurs 
only near the end point. That is mainly due to the above-mentioned logarithm. For 
small q, the coefficient of that log, namely In {^f^ — l| , is small because I <C m 
and that factor vanishes as I — > 0. 

In order to check the accuracy of Eq. (B3), that expression has been compared 



*Note: the exact function f-(z) does not vanish at z = 0, but it gives a small correction 
there: -(a/ir)/_(0) = -a/2?r = -0.12%. 
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numerically with the corresponding result from Ref. [22], for q = 0.2 MeV, 1 MeV, 
5 MeV, and 15 MeV, and several values of T . As expected, in the non-relativistic 
regime the relative error of Eq. (B3) is rather large. However, this occurs when the 
correction itself is quite small. As a consequence, in all the cases considered, the ab- 
solute value of the error remains small, typically ~ 0.1%. For 5 MeV ^ q ^ 15 MeV, 
the absolute error reaches % —0.4%, but this only occurs very near the end-point, 
where the correction itself is very sizable. 



The corresponding modification of the ER expression for (1 — z) 2 f + (z) is 

(i - z) 2 /+M 



— 1-1 

I \ m 



x 1(1 -z] 



2 In 1 - z 



m \ , , . In z 2 

- lnfl-z) 

E + £J y 1 2 3 



[z 2 lnz + l - z) 



2 

+ ln(l - z 

,2 



{ln 2 (l -z) + [L{1 -z)- lnzln(l - z)]} 



1-z) 



— Inz + 
2 3 



2z - - 
2 



z- , , z(l-2z), z(l-z) 

-L(l -z)- — 1 Inz- '- 

2 v ; 3 6 



12 



Inz + (1 - z ) 



115 - 109z 



(B4) 



This formula reduces in the E.R. limit to that of Sarantakos et al., is at I = 0, 
contains correctly the logarithm discussed before and, for z — > 1, behaves as (1 — z) 2 
modulo logs, which is the correct behavior. The function f+(z) is plotted in Fig. 11 
for neutrino energies of q = 0.1, 1, and 10 MeV. 

The function /_| (z) has not been calculated previously. The maximum value of 

mz/q in the last term of da / dT is 2m/(2q + m). So there is a suppression factor for 
q^> m. For q ^ m, there is no suppression from this factor. If q <C m, the electron is 
non-relativistic and the corrections are expected to be very small, except very close 
to the end point (because of the divergent logarithm). The largest contributions from 
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/_l (z) should occur when q % m and one is close to the end point. For u e — e there 

is another suppression factor because \gji\ is substantially smaller than \gL,\- The 
approximation adopted here is to set 



E ( E + C 
J n \ m 



1 



2 In 1 



m 



E + £ 



(B5) 



This should take care of the largest effects near the end point. Aside from this, the 

other contributions from /_| (z) to da / dT should be small. The function /_| (z) is 

plotted in Fig. 12 for neutrino energies of q = 0.1, 1, and 10 MeV. 



17 



REFERENCES 



[1] K. S. Hirata, et al., Phys. Rev. Lett. 63, 16 (1989);K. S. Hirata, et al., Phys. Rev. D. 44, 
2241 (1991); Y. Suzuki, Proc. 16th Int. Conf. on Neutrino Physics and Astrophysics, 
Eilat, Israel, May 29-June 3, 1994 (to be published). 

[2] L. Wolfenstein, Phys. Rev. D 17, 2369 (1978); Phys. Rev. D 20, 2634 (1979). 

[3] S. P. Mikheyev and A. Yu. Smirnov, Sov. J. Nucl. Phys. 42, 913 (1986); Nuovo Cimento 
9C, 17 (1986); Prog. Part. Nucl. Phys. 23, 41 (1989). 

[4] N. Hata and P. Langacker, Phys. Rev. D. (in press) (1994); G. Fiorentini et al. Phys. 
Rev. D. (in press); P. I. Krastev and S. T. Petcov, Phys. Lett. B 299 (1993 99; X. Shi 
and D. N. Schramm, Particle World 3 (1993) 149. 

[5] H. Chen, Phys. Rev. Lett. 55, 1534 (1985); G. Aardsma et al, Phys. Lett. B 194, 321 
(1987); G. Ewan et al., Sudbury Neutrino Observatory Proposal SNO-87-12 (1987). 

[6] Y. Totsuka, in Proceedings of the International Symposium on Underground Physics 
Experiments, edited by K. Nakamura (ICRR, University of Tokyo, 1990), p. 129; A. 
Suzuki, in Proceedings of the Workshop on Elementary- Particle Picture of the Universe, 
Tsukuba, Japan, 1987, edited by M. Yoshimura, Y. Totsuka, and K. Nakamura (KEK 
Report No. 87-1, Tsukuba, 1987), p. 136; M. Takita in Frontiers of Neutrino Astro- 
physics, ed. by Y. Suzuki and K. Nakamura (Universal Academy Press, Inc., Tokyo, 
Japan, 1993), p. 135. 

[7] J. P. Revol, Frontiers of Neutrino Astrophysics, ed. by Y. Suzuki and K. Nakamura 
(Universal Academy Press, Inc., Tokyo, Japan, 1993), p. 167; J. N. Bahcall, M. Baldo- 
Ceolin, D. Cline, and C. Rubbia, Phys. Lett. B 178, 324 (1986); C. Rubbia, CERN- 
EP Internal Report 77-8 (1977); The ICARUS Collaboration, ICARUS II, A Second- 
ly 



Generation Proton Decay Experiment and Neutrino Observatory at the Gran Sasso 
Laboratory, Volume I (September 1993), Volume II (May 1994). 

[8] R. S. Raghavan, in Proceedings of the XXVth International Conference on High Energy 
Physics, Singapore, 1990, edited by K. K. Phua and Y. Yamaguchi (World Scientific, 
Singapore, 1990), Vol. 1, p. 482; G. Ranucci for the Borexino Collaboration, Nucl. 
Phys. B (Proc. Suppl.) 32, 149 (1993); C. Arpasella et al., in "Borexino at Gran Sasso: 
Proposal for a real-time detector for low energy solar neutrinos," Vols. I and II, Uni- 
versity of Milan, INFN report (unpublished); "Borexino-A Real Time Detector for Low 
Energy Solar Neutrinos", Proposal submitted to the NSF by Princeton University on 
behalf of the U.S. Borexino Collaboration, December, 1992. 

[9] R. E. Lanou, H. J. Maris, and G. M. Seidel, Phys. Rev. Lett. 58, 2498 (1987); S. R. 
Bandler et al., Phys. Rev. Lett. 68, 2429 (1992); F. S. Porter, Phd. Thesis, Brown 
University (1994, unpublished); S. R. Bandler, et al., J. of Low Temp. Phys. 3, 715 and 
785 (1993). 

[10] J. Seguinot, T. Ypsilantis, and A. Zichichi, "A High Rate Solar Neutrino Detector with 
Energy Determination," LPC92-31, College de France, 12/8/92. 

[11] J. N. Bahcall, Neutrino Astrophysics (Cambridge University Press, Cambridge, Eng- 
land, 1989). 

[12] F. Reines and W. R. Kropp, Phys. Rev. Lett. 12, 303 (1964). 

[13] J. N. Bahcall, Phys. Rev. 136, B1164 (1964) 

[14] G. 't Hooft, Phys. Lett. 37B, 195 (1971). 

[15] J. N. Bahcall, Rev. Mod. Phys. 59, 505 (1987). 

[16] J. N. Bahcall, Phys. Rev. D. 44 , 1644 (1991). 

[17] S. M. Bilenky and S. T. Petcov, Rev. Mod. Phys. 59, 671 (1987). 



19 



[18] T. K. Kuo and J. Pantaleone, Rev. Mod. Phys. 61, 937 (1989). 

[19] B. Pietrzyk, talk presented at the XXIXthe Rencontres de Moriond, Meribel, France, 
March 12-19, 1994, LAB-EXP-94.07 (1994). This talk reports the global average 
sin 2 0^* = 0.2320 ± O.OOOS^;™" 1 , where the central value is for m H = 1 TeV, 60 GeV. 
The value for sin 2 0w(. m z) is obtained from the effective parameter sin 2 by apply- 
ing the correction discussed in Ref. [24]. 

[20] W. J. Marciano, lectures given at the 1993 SLAC Summer Institute "Spin Structure in 
High Energy Processes," BNL-60177 (1994). 

[21] Sarantakos, Marciano and Sirlin, Nucl. Phys. B217, 84 (1983). 

[22] M. Ram, Phys. Rev. 155, 1539 (1967). 

[23] L. Lewin, "Dilogarithms and Associated Functions" (MacDonald, London, 1948). 
[24] P. Gambino and A. Sirlin, Phys. Rev. D 49, R1160 (1994). 



20 



FIGURE CAPTIONS 

FIG. 1. Electron recoil spectrum from the 0.862 MeV 7 Be neutrino line. The heavy (light) 
solid curve is the ratio — minus unity — of the probability distribution for vj^v^ or v T ) scat- 
tering obtained using an updated value of sin 2 <W( m z) = 0.2317 and including radiative 
corrections to the probability distribution obtained using the less accurate value 0.23 with 
no radiative corrections. The plotted ratio gives the net change, less than 1% over essen- 
tially all of the allowed recoil-energy range, in the probability distribution that is obtained 
using the formulae and constants employed in this paper compared to the values that were 
obtained in refs. [11,15]. The effect of changing just sin 2 6w is shown in the dotted curves. 
The dotted curves are the ratios — minus unity — of the probability distributions that are 
obtained using sin 2 6w = 0.2317 to the probability distributions obtained using the older 
value of sin 2 6w = 0.23. The dashed curves show the effects of just including radiative cor- 
rections. The dashed curves are the ratios — minus unity — of the probability distributions 
obtained including radiative corrections to those obtained without radiative corrections. 
The spectra are displayed up to T = 0.99T max . 

FIG. 2. Same as Fig. 1 but for the 7 Be neutrino line with an energy of 0.384 MeV. 
FIG. 3. Same as Fig. 1 for the pp neutrinos. 

FIG. 4. Same as Fig. 1, except that the dotted curves are omitted, for the 8 B neutrinos. 



21 



FIG. 5. Recoil spectra for both electron and muon neutrinos from p — p, 7 Be, 13 N, and 15 
neutrinos as a function of electron kinetic energy, T. The spectra are normalized such that 
the total probability is unity. The dotted curve is the recoil spectrum from 13 N neutrinos 
and the short-dash curve is that from 15 neutrinos. The solid curve is the recoil spectrum 
from the 0.862-MeV 7 Be line, the dot-dash curve is that from the 0.384-MeV 7 Be line, and 
the long-dash curve is that from the p — p neutrinos. 

FIG. 6. Ratios of the total cross section for v — e scattering as a function of the neutrino 
energy q. The meanings of the different symbols for the curves are the same as in Fig. 1. 

FIG. 7. Feynman diagrams for electroweak corrections to v e — e scattering. 

FIG. 8. Feynman diagram for QCD corrections to /c^> e )(T). 

FIG. 9. One of the Feynman diagrams for — e scattering. 

FIG. 10. The function f-(z) as a function of z for neutrino energies of q 
curve), q = 1 MeV (short-dash curve), and q = 10 MeV (long-dash curve) 

FIG. 11. The function f+(z) as a function of z for neutrino energies of q 
curve), q = 1 MeV (short-dash curve), and q = 10 MeV (long-dash curve) 

FIG. 12. The function f±(z) as a function of z for neutrino energies of q 
curve), q = 1 MeV (short-dash curve), and q = 10 MeV (long-dash curve) 
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TABLE I. Recoil spectrum from v e — e and — e 
scattering by the 7 Be neutrino line with energy 0.862 
MeV. The kinetic energy of the electron is denoted by 
T (measured in MeV) and the normalized probability 
distributions per MeV by P(T)„ e and P(T) Vfl . 
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TABLE II. Recoil spectrum from v e — e and — e 
scattering by the 7 Be neutrino line with energy 0.384 
MeV. The kinetic energy of the electron is denoted by 
T (measured in MeV) and the normalized probability 
distributions per MeV by P(T)„ e and P(T) Vfl . 
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TABLE III. Recoil spectrum from v e — e and — e 
scattering by pp neutrinos. The kinetic energy of 
the electron is denoted by T (measured in MeV) and 
the normalized probability distributions per MeV by 
P{T) Ve and P(T)^. 
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.1353 


3. 
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3. 
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3. 
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3. 
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TABLE IV. Recoil spectrum from v e — e and — e 
scattering by 8 B neutrinos. The kinetic energy of 
the electron is denoted by T (measured in MeV) and 
the normalized probability distributions per MeV by 
P{T) Ve and P(T)^. 
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TABLE V. Recoil spectrum from v e — e and — e 
scattering by 13 N neutrinos. The kinetic energy of 
the electron is denoted by T (measured in MeV) and 
the normalized probability distribution per MeV by 
P{T) Ve and P(T)^. 
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.0967 


0.3832 


1. 


.2992 


1, 


.2992 


0, 


.8843 


0. 


.0875 


0. 


.0822 


0.3930 


1. 


.2775 


1, 


.2772 


0, 


.8941 


0. 


.0770 


0. 


.0723 


0.4029 


1. 


.2504 


1, 


.2483 


0, 


.9040 


0. 


.0634 


0. 


.0595 


0.4127 


1. 


.2230 


1, 


.2191 


0, 


.9138 


0. 


.0508 


0. 


.0476 


0.4225 


1. 


.1955 


1, 


.1898 


0, 


.9236 


0. 


.0424 


0. 


.0397 


0.4323 


1. 


.1677 


1, 


.1604 


0, 


.9334 


0. 


.0317 


0. 


.0296 


0.4422 


1. 


.1457 


1, 


.1381 


0, 


.9433 


0. 


.0222 


0. 


.0208 


0.4520 


1. 


.1178 


1, 


.1086 


0, 


.9531 


0. 


.0163 


0. 


.0152 


0.4618 


1. 


.0896 


1, 


.0791 


0, 


.9629 


0. 


.0092 


0. 


.0086 


0.4716 


1. 


.0614 


1, 


.0494 


0, 


.9727 


0. 


.0037 


0. 


.0034 


0.4815 


1. 


.0330 


1, 


.0197 


0, 


.9826 


0. 


.0012 


0. 


.0011 


0.4913 


1. 


.0109 


0, 


.9975 















TABLE VI. Recoil spectrum from v e — e and — e 
scattering by 15 neutrinos. The kinetic energy of 
the electron is denoted by T (measured in MeV) and 
the normalized probability distribution per MeV by 
P{T) Ve and P(T)^. 



0.0000 


1. 


.4034 


1, 


.4756 


0, 


.7654 


0. 


.6470 


0. 


.6182 


0.0150 


1. 


.3907 


1, 


.4639 


0, 


.7804 


0. 


.6278 


0. 


.5986 


0.0300 


1. 


.3787 


1, 


.4517 


0, 


.7954 


0. 


.6086 


0. 


.5791 


0.0450 


1. 


.3668 


1, 


.4387 


0, 


.8104 


0. 


.5893 


0. 


.5596 


0.0600 


1. 


.3551 


1, 


.4255 


0, 


.8254 


0. 


.5745 


0. 


.5449 


0.0750 


1. 


.3436 


1, 


.4126 


0, 


.8404 


0. 


.5554 


0. 


.5258 


0.0900 


1. 


.3319 


1, 


.3986 


0, 


.8555 


0. 


.5363 


0. 


.5066 


0.1051 


1. 


.3204 


1, 


.3851 


0, 


.8705 


0. 


.5171 


0. 


.4876 


0.1201 


1. 


.3084 


1, 


.3703 


0, 


.8855 


0. 


.4981 


0. 


.4687 


0.1351 


1. 


.2968 


1, 


.3562 


0, 


.9005 


0. 


.4836 


0. 


.4546 


0.1501 


1. 


.2852 


1, 


.3420 


0, 


.9155 


0. 


.4648 


0. 


.4361 


0.1651 


1. 


.2726 


1, 


.3260 


0, 


.9305 


0. 


.4461 


0. 


.4178 


0.1801 


1. 


.2606 


1, 


.3112 


0, 


.9455 


0. 


.4275 


0. 


.3996 


0.1951 


1. 


.2485 


1, 


.2962 


0, 


.9605 


0. 


.4090 


0. 


.3817 


0.2101 


1. 


.2362 


1, 


.2810 


0, 


.9755 


0. 


.3951 


0. 


.3683 


0.2251 


1. 


.2237 


1, 


.2656 


0, 


.9905 


0. 


.3770 


0. 


.3508 


0.2401 


1. 


.2111 


1, 


.2499 


1, 


.0055 


0. 


.3591 


0. 


.3336 


0.2551 


1. 


.1983 


1, 


.2340 


1, 


.0205 


0. 


.3414 


0. 


.3166 


0.2701 


1. 


.1852 


1, 


.2180 


1, 


.0355 


0. 


.3239 


0. 


.2998 


0.2852 


1. 


.1719 


1, 


.2017 


1, 


.0506 


0. 


.3109 


0. 


.2876 


0.3002 


1. 


.1584 


1, 


.1851 


1, 


.0656 


0. 


.2939 


0. 


.2714 


0.3152 


1. 


.1447 


1, 


.1684 


1, 


.0806 


0. 


.2772 


0. 


.2555 


0.3302 


1. 


.1307 


1, 


.1515 


1, 


.0956 


0. 


.2607 


0. 


.2400 


0.3452 


1. 


.1164 


1, 


.1343 


1, 


.1106 


0. 


.2485 


0. 


.2286 


0.3602 


1. 


.1020 


1, 


.1170 


1, 


.1256 


0. 


.2328 


0. 


.2137 


0.3752 


1. 


.0872 


1, 


.0995 


1, 


.1406 


0. 


.2173 


0. 


.1992 


0.3902 


1. 


.0722 


1, 


.0817 


1, 


.1556 


0. 


.2021 


0. 


.1850 


0.4052 


1. 


.0570 


1, 


.0638 


1, 


.1706 


0. 


.1874 


0. 


.1712 


0.4202 


1. 


.0415 


1, 


.0457 


1, 


.1856 


0. 


.1766 


0. 


.1613 


0.4352 


1. 


.0258 


1, 


.0274 


1, 


.2006 


0. 


.1625 


0. 


.1482 


0.4502 


1. 


.0098 


1, 


.0090 


1 


.2156 


0. 


.1489 


0. 


.1356 


0.4652 


0. 


.9965 


0, 


.9942 


1 


.2307 


0. 


.1358 


0. 


.1235 


0.4803 


0. 


.9802 


0, 


.9755 


1 


.2457 


0. 


.1262 


0. 


.1147 


0.4953 


0. 


.9636 


0, 


.9567 


1 


.2607 


0. 


.1139 


0. 


.1034 


0.5103 


0. 


.9467 


0, 


.9377 


1 


.2757 


0. 


.1021 


0. 


.0925 


0.5253 


0. 


.9297 


0, 


.9186 


1 


.2907 


0. 


.0907 


0. 


.0821 


0.5403 


0. 


.9124 


0, 


.8994 


1 


.3057 


0. 


.0799 


0. 


.0722 


0.5553 


0. 


.8949 





.8801 


1 


.3207 


0. 


.0723 


0. 


.0653 


0.5703 


0. 


.8808 


0, 


.8649 


1 


.3357 


0. 


.0624 


0. 


.0563 


0.5853 


0. 


.8630 


0, 


.8455 


1 


.3507 


0. 


.0532 


0. 


.0479 


0.6003 


0. 


.8450 


0, 


.8260 


1 


.3657 


0. 


.0445 


0. 


.0401 


0.6153 


0. 


.8269 


0, 


.8064 


1 


.3807 


0. 


.0385 


0. 


.0347 


0.6303 


0. 


.8085 


0, 


.7867 


1 


.3957 


0. 


.0310 


0. 


.0279 


0.6453 


0. 


.7900 


0, 


.7669 


1 


.4107 


0. 


.0241 


0. 


.0217 


0.6604 


0. 


.7754 


0, 


.7517 


1 


.4258 


0. 


.0180 


0. 


.0161 


0.6754 


0. 


.7568 


0, 


.7320 


1 


.4408 


0. 


.0140 


0. 


.0125 


0.6904 


0. 


.7380 


0, 


.7122 


1 


.4558 


0. 


.0091 


0. 


.0082 


0.7054 


0. 


.7191 


0, 


.6924 


1 


.4708 


0. 


.0051 


0. 


.0046 


0.7204 


0. 


.7000 


0, 


.6727 


1 


.4858 


0. 


.0020 


0. 


.0018 


0.7354 


0. 


.6810 


0, 


.6529 


1 


.5008 


0. 


.0007 


0. 


.0006 


0.7504 


0. 


.6661 


0, 


.6379 















TABLE VII. Scattering cross sections for individual neutrino ener- 
gies. The tabulated values were determined for T m i n = 0.0 MeV. The 
neutrino energy, q, is given in MeV and the cross sections, a Ve — e 
and o v — e, are given in units of 10~ 46 cm 2 . 



n 
1 


rr , — p 


(T, . — P 
u 


n 
1 




fT , . — P 




J. ■ & £J t |^ \J J. 




1 9 00 




i qnp-i_n9 

J. ■ jytyv ^ 


0.86 


5.79e+01 


1.28e+01 


14.00 


1.27e+03 


2.21e+02 


1.00 


6.98e+01 


1.50e+01 


16.00 


1.45e+03 


2.53e+02 


1.44 


1.09e+02 


2.21e+01 


18.00 


1.64e+03 


2.85e+02 


2.00 


1.59e+02 


3.11e+01 


20.00 


1.82e+03 


3.16e+02 


3.00 


2.51e+02 


4.70e+01 


25.00 


2.28e+03 


3.95e+02 


4.00 


3.42e+02 


6.29e+01 


30.00 


2.74e+03 


4.74e+02 


5.00 


4.35e+02 


7.87e+01 


40.00 


3.67e+03 


6.32e+02 


7.00 


6.19e+02 


1.10e+02 


50.00 


4.59e+03 


7.90e+02 


10.00 


8.96e+02 


1.58e+02 


60.00 


5.52e+03 


9.48e+02 



TABLE VIII. Total neutrino-electron scattering cross sections. Ra- 
diative corrections were included and sin 2 0w= 0.2317 was used. The 
minimum allowed recoil kinetic energy is zero in all cases considered 
in this table; the maximum recoil energy is given in column 3. The 
neutrino energy, q, and the maximum electron recoil energy, T max , 
are given in MeV; the neutrino cross sections, a Ve - e and g v e are 
given in units of 10~ 46 cm 2 . 



Source 


2 


T 

■L max 


0V e - e 




VV 


< 0.420 


0.261 


11.6 


3.3 


7 Be 


0.862 


0.665 


57.9 


12.8 


7 Be 


0.384 


0.231 


19.2 


5.1 


8 B 


< 15.0 


14.5 


594 


106 


13 N 


< 1.199 


0.988 


45.8 


10.4 


IBq 


< 1.1732 


1.509 


70.8 


15.1 



40 



